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The dynamics of individual magnetic skyrmions confined in ultrathin film dots is studied theoretically. The
systems considered are transition metal ferromagnets possessing perpendicular magnetic anisotropy and par-
ticular attention is given to the dynamic response of the skyrmions to perpendicular driving fields. By using
micromagnetics simulations, it is shown that breathing modes can hybridize with geometrically-quantized spin
wave eigenmodes of the circular dots considered, leading to distinct features in the power spectrum that differ to
the behavior expected for uniformly magnetized systems. The field dependence of the breathing modes offers a
direct means of detecting and characterizing such skyrmion states in experiment.
PACS numbers: 75.30.Ds, 75.40.Gb, 75.75.-c, 75.78.Fg
I. INTRODUCTION
In thin film magnetism, the skyrmion represents a topologi-
cal magnetic soliton that is stabilized by the presence of chiral
magnetic interaction of the Dzyaloshinskii-Moriya form.1–3
Skyrmion states were predicted to appear in ultrathin films4–6
and their observation in a variety of physical systems7–14 has
led to intense efforts to understand the physical conditions
under which they are stable, along with their static and dy-
namic properties. Their topological nature has important con-
sequences on electron and heat transport,15,16 which lead to
novel features involving current-driven dynamics of skyrmion
lattices.17–19 A recent demonstration of the controlled nucle-
ation and annihilation of isolated skyrmions20 is promising
for future applications exploiting these objects for informa-
tion storage and processing.
In the context of potential spintronic applications using
skyrmions, recent attention has turned toward ultrathin tran-
sition metal ferromagnets in multilayer structures lacking in-
version symmetry, which are thought to harbor a sizeable
Dzyaloshinskii-Moriya interaction (DMI). These structures
exhibit a perpendicular magnetic anisotropy and comprise
a heavy metal underlayer possessing strong spin-orbit cou-
pling, on top of which the thin ferromagnetic metal is grown
and capped by nonmagnetic layer. The DMI in such sys-
tems is argued to arise from an RKKY-type interaction that
is mediated by the interface atoms of the heavy-metal un-
derlayer through the spin-orbit interaction.21–24 Some exam-
ples of such material systems include Pt/Co (0.6)/Al2O3,25
Pt (2.5)/Co (0.3)/Pt (1.5),26 Pt (3)/CoFe (0.6)/MgO (1.8) and
Ta (5)/CoFe (0.6)/MgO (1.8),27 Pt (1.5)/Co (0.3)/Ni (0.7)/Co
(0.15),28, and Pt/[Ni/Co]n and Ir/[Ni/Co]n,29 where the fig-
ures in parentheses represent film thicknesses in nm and are
presented here to highlight the importance of the interfacial
origin of the effect. At present, the existence of a sizeable
DMI has been inferred from experiments involving imaging
of static domain wall structures,29 domain wall nucleation,30
and from field26 and current-driven magnetic domain wall dy-
namics27,28 in which a clear dependence on the wall chirality
has been observed. In these cases, the experimental results
suggest that the domain wall structure involves a Ne´el profile,
rather than a Bloch form, which is possible in these strong fer-
romagnets if a sufficiently large DMI is present.25,31 From the
strength of the DMI obtained in these experiments, theoreti-
cal studies suggest that isolated skyrmions should at least be
metastable in these systems.32
In this article, we explore the dynamics of individual
skyrmions confined geometrically in ultrathin circular dots.
In particular, the breathing dynamics of the skyrmion is ex-
plored, which is known to provide a distinct microwave
response from experiments conduced on skyrmion crystals
in helimagnetic insulators.33 Particular attention is given to
how the breathing dynamics is affected by the confinement
and to the interaction between the breathing mode and the
geometrically-quantized spin wave eigenmodes of the dot.
The dynamics is studied primarily in static perpendicular ap-
plied fields with driving ac perpendicular fields, where it is
shown that the magnetic response in this geometry provides
clear signatures of the skyrmion excitation and therefore an
alternative means of quantifying the DMI.
This article is organized as follows. In Section II, a descrip-
tion of the model and simulation method is given. In Section
III, the static properties of isolated skyrmions in circular dots
is described. The dynamic response of these skyrmions to
driving perpendicular fields is presented in Section IV. Some
discussion and concluding remarks are given in Section V.
II. SIMULATION MODEL AND METHOD
The static and dynamic states of the isolated skyrmion in
a confined magnetic dot were studied using numerical micro-
magnetics simulations with a modified version of the mumax2
code.34 The code performs a numerical time integration of the
Landau-Lifshitz equation of motion with Gilbert damping for
the magnetization dynamics,
dm
dt
= −|γ0|m ×Heff + αm × dmdt , (1)
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2where γ0 is the gyromagnetic constant, α is the phenomeno-
logical Gilbert damping constant, ‖m‖ = 1 is the unit vector
representing the orientation of the magnetization, and Heff is
the effective field,
Heff = − 1
µ0Ms
δU
δm
, (2)
which represents the variational derivative of the total micro-
magnetic energy U with respect to the magnetization. Ms is
the saturation magnetization. In addition to the usual Zee-
man, isotropic exchange (characterized by the exchange con-
stant A) and dipole-dipole interactions, the total energy also
includes a uniaxial anisotropy perpendicular to the film plane,
UK = −Ku
∫
dV m2z , and an interfacial Dzyaloshinskii-Moriya
interaction of the form
UDM = D
∫
dV
[
mz (∇ ·m) − (m · ∇)mz] , (3)
which is consistent with the induced coupling associated
with the strong spin-orbit underlayer in the ultrathin film
geometry considered here.24,25,32,35,36 The strength of the
Dzyaloshinskii-Moriya interaction is characterized by the
constant D and its sign determines the preferred handedness
of the chiral micromagnetic ground state. For the simulation
results presented here, the system was discretized using rect-
angular finite difference cells 1.5625 × 1.5625 × d nm in size,
corresponding to a d = 1 nm thick film. The micromagnetic
parameters used correspond to a model thin film perpendicular
anisotropy system: an isotropic exchange constant of A = 15
pJ/m, a perpendicular anisotropy constant of Ku = 1 MJ/m3,
and a saturation magnetization of Ms = 1 MA/m.37
As discussed in the introduction, the main focus of this
work concerns the breathing response of the individual
skyrmion in a dot. To this end, the calculations performed
involve the dynamic response of the perpendicular magneti-
zation to perpendicular dynamic fields hz,
mz(ω) = χzz(ω)hz(ω). (4)
In the absence of the DMI, the equilibrium ground state is uni-
formly magnetized along the easy z axis, which means that the
linear susceptibility χzz is vanishingly small. In the context of
spin wave excitation, this corresponds to the parallel pumping
geometry in which the lowest-order response involves nonlin-
ear spin wave processes that appear above a finite threshold
of the pumping field.38 However, the presence of the DMI in
a finite-sized system necessarily leads to a nonuniform mag-
netic configuration. First, magnetization tilts away from the
easy axis at boundary edges as a result of nontrivial boundary
conditions, leading to a state that can be described by pinned
partial Ne´el domain walls at the edges.36,37 Note that these
tilts exist even if the sample is uniformly magnetized away
from the edges. Second, a skyrmion involves large magne-
tization tilts across its core, with variations between mz ± 1
that can extend over a sizeable fraction of the dots studied,
as shown in the following. These tilts allow for coupling to
the perpendicular driving field and lead to a finite response
for χzz even for vanishingly small fields hz. Furthermore, the
use of perpendicular driving fields minimizes the complica-
tion involved with the skyrmion gyration,39 which is known
to be complex in such confined geometries. Translational mo-
tion of the skyrmion core can also become complicated due to
scattering from the dot edges40 and is minimized in the field
geometry considered. Therefore, a finite χzz in the linear re-
sponse regime should provide a clear signature of individual
skyrmions in magnetic dots.
Calculation of the dynamic response in our simulations in-
volves two steps. The ground state of the magnetic dot with
an individual skyrmion is first determined in the presence of
a magnetic field applied perpendicular to the film plane at
zero temperature. The initial state comprises an hedgehog
skyrmion whose core profile is computed using an ansatz for
the radial variation of the polar angle of the magnetization
vector.41 The in-plane components of the magnetization point
along the radially with respect to the core center, which is the
preferred Ne´el-like state associated with the DMI assumed in
Eq. 3.42 For each value of the applied magnetic field, this ini-
tial state is then allowed to relax over 5 ns with a large damp-
ing constant of α = 0.3. The time-variation of the magnetiza-
tion during this relaxation process is monitored to ensure that
the micromagnetic state converges to an equilibrium state to
the limit of the numerical precision of simulation. The mag-
netization dynamics is then computed about this equilibrium
state. The excitation modes of the skyrmion are determined
from the transient response of the system to a time-varying but
spatially uniform field applied in the perpendicular z direction.
A cardinal sine function, sinc(t) = sin(piνt)/(piνt), is used for
the time-dependence of this field as its Fourier transform is a
rectangular function. A cut-off frequency of ν = 100 GHz was
used for the cardinal sine function. The amplitude of the exci-
tation field is 0.5 mT. The transient dynamics was computed
over 20 ns, with data taken every 5 ps, using a smaller value
of the damping constant, α = 0.002, which allowed for better
frequency resolution of the excited modes. The power spec-
tral density of the skyrmion excitations is then computed using
the transient response of the perpendicular component of the
spatially averaged magnetization, 〈mz〉 = (1/V)
∫
dV mz(r).
III. STATIC PROPERTIES OF ISOLATED SKYRMIONS
The static properties of single skyrmion states in 100 nm
diameter circular dots are described in this section. It has
been shown from previous work that the skyrmion in a dot
can represent a metastable state or a global energy minimum
depending on the strength of the DMI.32 Here, the analysis is
extended to include an applied magnetic field along the easy
axis perpendicular to the field plane, which is known to mod-
ify the stability of the skyrmion state in extended systems.41
In Fig. 1, the contours corresponding to the energy difference
∆U = Usky − Uuni is shown. Usky corresponds to the total
micromagnetic energy of the dot with a skyrmion state, while
Uuni describes the energy of the state quasi-uniformly mag-
netized along +z at the center of the dot with tilts at the dot
edges. Both states are computed using the relaxation method
described in the previous section. The zero energy contour
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FIG. 1. Energy contours of ∆U related to the metastability of the
isolated skyrmion state with respect to the quasi-uniform state. ∆U >
0 indicates a lower energy for the quasi-uniform state, while ∆U < 0
indicates a lower energy for the isolated skyrmion state.
in Fig. 1 therefore represents the values of (Bz,D) for which
both the skyrmion and uniform states possess the same en-
ergy. The region of the phase diagram in which the skyrmion
is metastable is shown in gray and possesses positive energy
contours, while the region in which the skyrmion is a global
energy minimum state is shown in white and possesses nega-
tive energy contours.
The perpendicular field plays an important role in deter-
mining the size of the skyrmion core, as shown Fig. 2. Here,
the magnetization at the core center is oriented along the +z
direction, while magnetization outside the core is oriented in
the opposite direction along −z. Four profiles are shown in the
panel to the right of Fig. 2, where the perpendicular magneti-
zation component mz is illustrated using the color scheme de-
picted along the vertical axes of Figs. 2b and 2d. For the cases
D = 2.5 to 4.0 mJ/m2 considered, the core remains circular
under the range of applied fields used, and expands with in-
creasing fields whilst contracting with decreasing fields. The
profiles for D = 3.0 mJ/m2 are illustrated in Fig. 2 at nega-
tive, zero, and positive applied fields and are labelled ‘1’, ‘2’,
and ‘3’, respectively. The expansion of the core is limited by
the dot boundary, where the tilts in the magnetization exert an
inward force on the skyrmion core thereby leading to a con-
fining potential.32,36 As a result, the core diameter converges
toward a limiting value at large positive applied fields for the
different cases of D considered, as illustrated by the state ‘3’.
The core contracts in a monotonous fashion for decreasing and
negative applied fields, except for the D = 4.5 mJ/m2 case for
which a change in shape of the core is seen. In contrast to the
other cases in which the core remains circular, it assumes an
elliptical shape for D = 4.5 mJ/m2 below a certain critical neg-
ative field (Bz = −55 mT) as illustrated by the state ‘4’. This
elongation of the core results from a competition between the
Zeeman energy, which favors the contraction of the core such
that regions of magnetization along −z are maximized, and
the DMI, which reduces the domain wall energy and favors
expansion of the core to maximize its circumference. The two
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FIG. 2. (Color online) Static skyrmion profiles for four different
cases. (a) Core diameter as a function of applied perpendicular
field for varying DMI strength. The right inset depicts the static
mz magnetization component. (b,d) Spatial profiles of mz across the
skyrmion core. The color scale used in (a) is shown in the vertical
axis of the plot. (c,e) Spatial profiles of the magnetization polar angle
θ across the skyrmion core.
branches for state ‘4’ for Bz < −55 mT in Fig. 2a correspond
to the length and width of the core.
Cross-sections of the core profile corresponding to states
‘1’ to ‘4’ are shown in Figs. 2b-e. The compact nature of
the core can be seen from the profile of the polar angle,
θ = cos−1(mz), which is shown in Fig. 2c for states ‘1’, ‘2’,
and ‘3’ and in Fig. 2e for state ‘4’. The angle θ is seen to
vary linearly around the core center for states ‘1’, ‘2’, and ‘3’,
with a discontinuity in ∂θ/∂(x, y) at the core center, which is
consistent with ansatz described in Ref. 41. It is interesting to
note that the elliptical core of state ‘4’ possesses an extended
bubble-like character along its long axis, while a discontinuity
in ∂θ/∂y is observed at the core center.
IV. DYNAMIC RESPONSE TO DRIVING
PERPENDICULAR FIELDS
The dynamic properties of the single skyrmion states in
100 nm diameter circular dots are described in this section.
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FIG. 3. (Color online) Map of the power spectral density (PSD) of
excitations as function of perpendicular applied field Bz for D = 3
mJ/m2. (a) Single isolated skyrmion in ground state. (b) Nominally
uniform ground state. The insets at the top show the corresponding
(PSD) at zero field.
An example of the calculated power spectrum of excitations
is shown in Fig. 3 for an intermediate value of the DMI,
D = 3 mJ/m2. Fluctuations in the perpendicular component
of the magnetization are considered, δmz(t) = 〈mz,0〉 − 〈mz(t)〉,
where mz,0 corresponds to the equilibrium state and the angu-
lar brackets represent a spatial average of the magnetization,
as discussed previously. The average magnetization is used
here for the analysis as this quantity would be the most acces-
sible component in experiment. The power spectrum, S(ω), is
computed from the Fourier transform of this fluctuation,
S(ν) =
∣∣∣∣∣∣
∫ t0
0
dt e−i2piνtδmz(t)
∣∣∣∣∣∣2 , (5)
where t0 represents the total duration of the time integration
performed in the simulations. A color map of this function is
presented in Fig. 3, where the inset shows a plot of this func-
tion at zero field in the frequency range ν = 0 to 50 GHz. In
Fig. 3a, the ground state comprises an individual skyrmion at
the center of the dot, as shown in Fig. 2. Three distinct modes
are observed in the frequency range considered, whose fre-
quencies exhibit a nontrivial dependence on the applied mag-
netic field. To highlight the distinct features associated with
the presence of the skyrmion, the power spectrum for a dot
with no skyrmion is shown in Fig. 3b. In this case, the mag-
netization is uniformly magnetized in the +z direction at the
center of the dot, but it tilts at the edges as a result of the
boundary conditions related to the DMI.36,37 Because of these
tilts, χzz is finite even for this case and three modes can be seen
in the same frequency range. The lowest mode corresponds to
the uniform precession mode and all three modes exhibit a lin-
ear field dependence, which is expected for spin waves in this
geometry. It is interesting to note that the lowest-order mode
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FIG. 4. (Color online) Spatial profiles the fluctuation in the magne-
tization component δmz of the skyrmion breathing modes for D = 3
mJ/m2 at Bz = 0 mT. (a) Spatial profile of the fluctuation across the
dot, where each curve represents a different instant t over one period
of oscillation with the static core profile given in grey. (b) A two-
dimensional snapshot of the mode. (c) A three-dimensional snapshot
of the mode.
in the skyrmion case exhibits a much lower frequency than the
FMR mode in the uniform case, while the second and third or-
der modes have similar frequencies. The FMR mode is also
absent in the skyrmion case. Together, these features suggest
that the appearance of a low-frequency excitation, such as the
branch below 10 GHz in Fig. 3a, is a strong signature of the
presence of a confined skyrmion in a dot and a measure of the
DMI.
Representative spatial profiles of the three confined
skyrmion modes in Fig. 3a are presented in Fig. 4 for zero
applied static field (Bz = 0). Each profile has been calcu-
lated with a “stroboscopic” method as follows. The mode
frequency νk is first determined from a Lorentzian fit to the
power spectrum under the field condition studied (e.g., inset
in Fig. 3a). The dynamics is then simulated with a spatially-
uniform sinusoidal magnetic field applied along the +z axis,
bz(t) = b0 sin(2piνkt) with b0 = 0.5 mT, over 20 periods of
the excitation with the precomputed equilibrium state used as
the initial state in the simulations. The micromagnetic state is
then saved at time intervals of 1/25νk over the last 10 periods
of the simulations, which leads to 10 snapshots of the state for
each instant ti = 0, 1/25νk, 2/25νk, . . . , 23/25νk, 24/25νk rela-
tive to the phase of the field excitation. The final mode profile
at each ti is then obtained by averaging over the 10 snapshots,
which allows features related to non-resonant dynamics and
numerical artifacts to be averaged out over a single period of
excitation. Each row in Fig. 4 corresponds to each of the three
branches seen in Fig. 3a, where the mode index is given in the
right column (Fig. 4c). In the left column (Fig. 4a), the spatial
profile of the fluctuation δmz(x) across the x-axis of the dot is
shown, where each curve corresponds to a successive instant,
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FIG. 5. (Color online) Mode frequency as a function of perpendicular
applied field Bz for different strengths of the DMI, D. (a) Mode 3.
(b) Mode 2, with a frequency splitting seen for D = 4.5 mJ/m2 in the
field region Bz ≤ −60 mT. (c) Mode 1.
with a time increment of 1/25ν, over one period of oscillation,
1/ν. The static skyrmion profile mz,0(x) is shown in the back-
ground as a filled grey curve, where the full variation between
mz,0 = ±1 is shown (note that this is not the same scale used
for δmz(x) on the same graph). In the center column (Fig. 4b),
the spatial profile of the fluctuation across the dot, δmz(x, y),
is shown at one instant as a two-dimensional color plot, where
the color code used is given at the top of the figure. The same
profile is rendered as a three-dimensional plot in the right col-
umn (Fig. 4c), where the corresponding mode amplitude is
shown along with the color code used.
From these images, mode 1 can be deduced to be the breath-
ing mode of the skyrmion, where the magnetization fluctua-
tion is localized to the core region of the skyrmion. From the
time dependence in Fig. 4a, the breathing at opposite sides
of the core is seen to be in phase, which indicates that the
core shrinks and expands whilst preserving its radial symme-
try with no discernible azimuthal component to the dynamics.
Mode 2 corresponds to a hybridization between the breathing
mode and a radial spin wave mode of the circular dot. The
amplitude of this excitation is largest around the core, but a
significant component also appears at the dot edges. Mode 3
is a similar hybridized mode, with the key difference being
the larger mode amplitude occurring within the core itself and
one node in the mode profile appearing at the core boundary.
Its profile in Fig. 4a shows that the mode excitation is largely
confined to the core, with weaker coupling to the edge mag-
netization compared to mode 2. For modes 2 and 3, the radial
symmetry of the equilibrium skyrmion profile is preserved by
the excitation field in a similar way to mode 1.
The field dependence of the mode frequencies of the con-
fined skyrmion is shown in Fig. 5. The results are presented
for the three lowest order modes and for several values of
the DMI strength. For the different cases considered, the fre-
quency of each mode exhibits a similar variation with the ap-
plied static field. For mode 1 (Fig. 5c), a minimum in the
frequency is observed (i.e., near Bz = 35 mT for D = 2.5
mJ/m2), the position of which shifts toward negative fields
as the strength of the DMI is increased. The position of this
frequency minimum coincides with the applied field value at
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FIG. 6. (Color online) Spatial profiles of the skyrmion breathing
modes for D = 4.5 mJ/m2 at Bz = −75 mT. (a) Spatial profile of
the fluctuation across the dot, where each curve represents a different
instant t over one period of oscillation with the static core profile
given in grey. (b) A two-dimensional snapshot of the mode. (c) A
three-dimensional snapshot of the mode.
which variations in the core diameter are greatest with the ap-
plied field. This is most pronounced for the D = 2.5 mJ/m2
case, where the variation of the core diameter with Bz exhibits
the largest slope around Bz = 35 mT (Fig. 2a). These two fea-
tures are consistent, since the frequency minimum reflects the
fact that the breathing mode of the skyrmion is the least ener-
getic when its core size can change the most readily with the
applied magnetic field. Distinct features associated with this
field also appear in the frequencies of modes 2 and 3, where a
local extremum occurs.
One standout feature involves the splitting of mode 2 for
D = 4.5 mJ/m2 at negative fields Bz < −55 mT (Fig. 5b).
This splitting is associated with the transition from a circular
to an elliptical shape for the skyrmion core, as discussed in
Section III (Fig. 2). The magnitude of the splitting is also sig-
nificant, with a difference of 9.1 GHz in frequency between
modes 2A and 2B at Bz = −100 mT, which is comparable to
the frequency of mode 1 at this field. The mode profiles at
Bz = −75 mT are shown in Fig 6. While mode 1 retains its
breathing character, which can be seen by the oscillations of
δmz along the long and short axes of the core that remain in
phase, the split modes 2A and 2B exhibit oscillations that are
in anti-phase along the long and short axes (Fig. 6a). This is
characteristic of the presence of an azimuthal component to
the breathing mode, which is observed in the two- and three-
dimensional snapshots of the spatial profile in Figs. 6b and 6c.
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FIG. 7. (Color online) Variation of the breathing mode frequency
(squares) and skyrmion core diameter (circles) as a function of per-
pendicular applied field, Bz. (a) Micromagnetic parameters from Thi-
aville et al. (Ref. 25). (b) Micromagnetic parameters from Sampaio
et al. (Ref. 32).
While both 2A and 2B possess similar profiles, they differ in
how the edge magnetization states are affected; for mode 2A,
the edge magnetization precession amplitude is largest along
the short axis of the core, while for mode 2B the amplitude
is largest along the long axis of the core. An azimuthal com-
ponent also appears for mode 3, where the internal structure
of the breathing mode shows differences along the short and
long axes of the core. In contrast to mode 2, however, no fre-
quency splitting is seen for mode 3 as a result of the azimuthal
component of the internal mode.
The simulation results presented above have been con-
ducted using parameters for a model system. While this set
does not correspond to a particular material system per se, it
is representative of the class of ultrathin ferromagnetic films
with perpendicular magnetic anisotropy as described in the
introduction. As such, the qualitative features of the mode dy-
namics are expected to apply to systems that possess similar
micromagnetic parameters. To illustrate one aspect of the uni-
versality of some of the features presented, the perpendicular
field dependence of the breathing mode frequency and core
radius for parameters used in other studies pertaining to chiral
domain wall dynamics, as studied by Thiaville et al. (A = 16
pJ/m, Ku = 1.27 MJ/m3, Ms = 1.1 MA/m, d = 0.6 nm),25
and skyrmion dynamics, as studied by Sampaio et al. (A = 15
pJ/m, Ku = 0.8 MJ/m3, Ms = 0.58 MA/m, d = 0.4 nm),32
are shown in Fig. 7. The key differences in these parameter
sets relate to the saturation magnetization and the film thick-
ness, which result in different dipolar fields experienced by the
skyrmion core. Nevertheless, the coincidence of the minimum
in the breathing mode frequency with the largest susceptibil-
ity in the core diameter is remains a common feature, which
is very pronounced in Fig. 7b. Note that the frequency range
over which the breathing mode varies is markedly larger for
the parameters of Sampaio et al. for comparable changes in
the core diameter. This is due to the larger exchange stiff-
ness constant for this parameter set, D = γA/Ms, by virtue
of the lower value of the saturation magnetization used. The
exchange stiffness constant governs the quadratic dispersion
relation of spin waves in the exchange dominated regime,
ω(k) ∼ Dk2. It plays a role in determining the mode spac-
ing and the frequency range over which the breathing mode
occurs.
V. DISCUSSION AND CONCLUDING REMARKS
Previous work on Fe/Ir(111) layers have shown that the
magnitude of the DMI between two Fe atoms is approximately
1.8 meV.10 As discussed by Sampaio et al.,32 this atomistic
interaction translates to a Dzyaloshinskii-Moriya constant of
D ' 5 mJ/m2 in the micromagnetic approximation for their
system. Since the DMI originates from the interface between
the heavy metal substrate and the ferromagnet, the corre-
sponding strength of D for the parameters used here and in
Thiaville et al.25 with the same atomistic interaction are 2
mJ/m2 and 3.3 mJ/m2, respectively, as a result of the larger
ferromagnetic film thicknesses. While the figure of 2 mJ/m2
is smaller than range of parameters studied here, the general
features reported for the breathing dynamics are expected to
remain valid, as shown in Fig. 7.
It could be argued that the dynamic susceptibility, χzz(ω),
would also be finite with the presence of a magnetic bubble
state, which could be stable under dipolar fields alone with-
out the need for the DMI. A magnetic bubble comprises a re-
gion of reversed magnetization and can share the same topol-
ogy as the skyrmion state considered, i.e., bubbles possess
the same integer topological charge Q = (1/4pi)
∫
dxdy m ·(
∂xm × ∂ym
)
as skyrmions, but they are not compact and their
size is determined primarily by the dipolar interaction. In
the dot geometry studied, it has been verified that magnetic
bubbles are not stable with the parameter sets considered if
D = 0. The inclusion of a large density of pinning sites, re-
lated to material defects or film roughness, might be sufficient
to pin magnetic bubbles in the dot geometry considered, but
detailed investigations along this line are beyond the scope of
the present study. In the defect-free system at least, it is our
contention that the low-frequency breathing mode and the fi-
nite susceptibility χzz(ω) for perpendicular driving fields are
robust signatures for the presence of individual skyrmions in
submicron dots.
The gyrotropic dynamics of the skyrmion core has not been
examined here, as discussed earlier. The perpendicular driv-
ing field has been used precisely to minimize such dynam-
ics. In experiment, however, thermal fluctuations could lead to
low-amplitude gyrotropic motion about the dot center, much
in the same way that vortex gyration in dots can be induced
thermally.43 However, such gyration frequencies are typically
in the sub-GHz regime,44–46 which are an order of magni-
tude lower than the breathing mode frequencies computed
here. Given this difference, small amplitude gyration is not
7expected to influence the breathing properties in any signifi-
cant way.
In summary, the breathing modes of single skyrmion states
in circular ultrathin dots have been studied using micromag-
netics simulations and how these modes couple to the spin
wave eigenmodes in this geometry have been examined. Dis-
tinct features in the power spectra of these modes in per-
pendicular static and dynamic magnetic fields allow such
skyrmion states to be detected in experiment. These features
are shown to be robust for different material systems.
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